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Abstract. Primordial black holes and secondary gravitational waves can be used to probe
the small scale physics at very early time. For secondary gravitational waves produced after
the horizon reentry, we derive an analytical formula for the time integral of the source and an-
alytical behavior of the time dependence of the energy density of induced gravitational waves
is obtained. By proposing a piecewise power law parametrization for the power spectrum of
primordial curvature perturbations, we use the observational constraints on primordial black
hole dark matter to obtain an upper bound on the power spectrum, and discuss the test of
the model with future space based gravitational wave antenna.
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1 Introduction
As a result of gravitational collapse, primordial black holes (PBHs) [1–3] form in a
region with its density contrast at horizon reentry during radiation domination exceeding the
threshold value. Since the temperature and polarization measurements on cosmic microwave
background anisotropy only constrain the primordial perturbations to be very small at large
scales, the large perturbations at small scales that cause the formation of PBHs are not
constrained and they may produce observable secondary gravitational waves (GWs) [4–31].
Therefore, both PBHs and secondary GWs can be used to probe the small scale physics at
very early time.
PBHs are also dark matter candidate. Observations from extragalactic gamma ray
background (EGγ) [32], femtolensing of gamma-ray bursts [33, 34], millilensing of compact
radio sources [35], microlensing of quasars [36], the Milky way and Magellanic Cloud stars
[37–39] constrained the abundance of PBH dark matter [40, 41]. For a recent summary of
the constraints, please see Ref. [41]. These constraints can be used to probe the primordial
curvature perturbations at small scales. In this paper, we propose a piecewise power law
parametrization for the power spectrum of primordial curvature perturbations, and use the
constraints on the abundance of PBH dark matter to obtain an upper limit on the power
spectrum at small scales. With the derived power spectrum, we calculate the secondary
GWs induced by the large density perturbations at small scales. The induced GWs can
be tested by space based GW observatory like Laser Interferometer Space Antenna (LISA)
[42, 43], TianQin [44] and TaiJi [45], and the Pulsar Timing Array (PTA) [46–49] including
the Square Kilometer Array (SKA) [50] in the future. For simple test, we compare the
strength of induced GWs with the sensitivity curves of those detectors [51–53]. On the other
hand, the observations of induced GWs can also be used to constrain the power spectrum.
This paper is organized as follows. In section 2, we review the computation of the energy
density of induced GWs and derive the formula for the induced GWs produced after the
horizon reentry. We propose a piecewise power law parametrization for the power spectrum
of primordial curvature perturbation in section 3, and we use the current observations on
PBH dark matter to obtain an upper bound on the power spectrum. Then we use the
formula derived in section 2 and the upper bound to calculate the induced GWs and discuss
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the possible detection of the induced GWs by future GW observations. The conclusions are
drawn in section 4.
2 The induced GWs
Working in the Newtonian gauge, we write the perturbed metric as
ds2 = a2(η)
[
−(1 + 2Φ)dη2 +
{
(1− 2Φ)δij + 1
2
hij
}
dxidxj
]
, (2.1)
where the scalar perturbation Φ is the Bardeen potential. The Fourier component of the
tensor perturbation hij is
hij(x, η) =
1
(2pi)3/2
∫
d3keik·x[hk(η)eij(k) + h˜k(η)e˜ij(k)], (2.2)
where the plus and cross polarization tensors eij(k) and e˜ij(k) are
eij(k) =
1√
2
[ei(k)ej(k)− e˜i(k)e˜j(k)],
e˜ij(k) =
1√
2
[ei(k)e˜j(k) + e˜i(k)ej(k)],
(2.3)
the orthonormal basis vectors e and e˜ are orthogonal to k, e · e˜ = e · k = e˜ · k = 0. The
Fourier component of the Bardeen potential Φk is related with the primordial value φk by
the transfer function Φ(kη)
Φk(η) = φkΦ(kη). (2.4)
The primordial value φk is determined by the primordial curvature perturbation Pζ(k) as
〈φkφk˜〉 = δ(3)(k + k˜)
2pi2
k3
(
3 + 3w
5 + 3w
)2
Pζ(k), (2.5)
where w is determined by the time when the perturbations reenter the horizon. In this paper,
we are interested in those scales that reenter the horizon during radiation domination, so we
take w = 1/3. During radiation domination, the transfer function is
Φ(x) =
9
x2
(
sin(x/
√
3)
x/
√
3
− cos(x/
√
3)
)
. (2.6)
To the first order, the scalar perturbation decouples from tensor perturbations hij , and
the cosmological equation for hij is homogeneous. But to the second order, they are coupled.
The equation for induced GWs with either polarization in Fourier space with Φk being the
source is given by
h′′k + 2Hh′k + k2hk = 4Sk, (2.7)
where H = a′/a is the conformal Hubble parameter and the prime denotes the derivative
with respect to conformal time. The source Sk is given by
Sk =
∫
d3k˜
(2pi)3/2
eij(k)k˜
ik˜j
(
2Φk˜Φk−k˜ +
4
3(1 + w)H2
(
Φ′
k˜
+HΦk˜
)(
Φ′
k−k˜ +HΦk−k˜
))
.
(2.8)
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The power spectrum of the induced GWs is defined as
〈hk(η)hk˜(η)〉 =
2pi2
k3
δ(3)(k + k˜)Ph(k, η), (2.9)
and the fractional energy density is
ΩGW(k, η) =
1
24
(
k
aH
)2
Ph(k, η), (2.10)
where the Hubble parameter H = H/a. Before presenting the detailed derivation of the
induced GWs, we discuss its qualitative behavior first. Following [7], we assume that the
induced GWs are produced instantaneously when the relevant scales reenter the horizon. At
the horizon reentry, hk ∼ Sk/k2 and it gets contributions from all scalar modes Φk. However,
combining Eqs. (2.8) and (2.9), it is easy to see that k3k˜3/|k− k˜|3 appears in the integrand
in Ph, so the main contributions to Ph are from k˜ that are close to k. Since the source Sk
decays as a−γ with 3 ≤ γ ≤ 4 [7], soon after the horizon reentry GWs propagate freely and
hk ∝ a−1, so ΩGW(k, η) is a constant well inside the horizon.
In terms of Green’s function Gk(η, η˜) satisfying the equation
G′′k(η, η˜) +
(
k2 − a
′′(η)
a(η)
)
Gk(η, η˜) = δ(η − η˜), (2.11)
the solution to Eq. (2.7) is
hk(η) =
4
a(η)
∫ η
ηk
dη˜Gk(η, η˜)a(η˜)Sk(η˜). (2.12)
Because the induced GWs are produced after the horizon reentry, so we take kηk = 1. During
radiation domination, the Green’s function is
Gk(η, η˜) =
1
k
sin[k(η − η˜)]. (2.13)
Combining Eqs. (2.4), (2.6), (2.8), (2.9) and (2.12), after some lengthy calculations, we
obtain the power spectrum of the induced GWs [6, 7, 17, 24]
Ph(k, η) = 4
∫ ∞
0
dv
∫ 1+v
|1−v|
du
[
4v2 − (1− u2 + v2)2
4uv
]2
I2RD(u, v, x)Pζ(kv)Pζ(ku), (2.14)
where u = |k−k˜|/k, v = k˜/k, x = kη, the power spectrum Pζ(k) for the primordial curvature
perturbation is evaluated at horizon exit during inflation. For the convenience of taking the
time average, we split the source term IRD in the radiation era into the combinations of two
oscillations [26],
IRD(u, v, x) =
1
9x
(Is sinx+ Ic cosx) , (2.15)
where Ic and Is are given by
Ic(u, v, x) = −4
∫ x
1
y sin(y)f(y)dy = Tc(u, v, x)− Tc(u, v, 1), (2.16)
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Is(u, v, x) = 4
∫ x
1
y cos(y)f(y)dy = Ts(u, v, x)− Ts(u, v, 1), (2.17)
Tc(u, v, x) = −4
∫ x
0
y sin(y)f(u, v, y)dy, (2.18)
Ts(u, v, x) = 4
∫ x
0
y cos(y)f(u, v, y)dy, (2.19)
and
f(u, v, x) = 2Φ(vx)Φ(ux) +
[
Φ(vx) + vxΦ′(vx)
] [
Φ(ux) + uxΦ′(ux)
]
. (2.20)
Note that induced GWs are produced after the relevant modes reenter the horizon, the lower
limit of the integrals (2.16) and (2.17) should be 1, so we need to subtract the terms Tc(u, v, 1)
and Ts(u, v, 1) in Eqs. (2.16) and (2.17). In [17, 24], the lower limit of the integrals (2.16) and
(2.17) was chosen to be zero, i.e., it was assumed that the production of induced GWs begins
long before the horizon reentry. If we take Ic(u, v, x) = Tc(u, v, x) and Is(u, v, x) = Ts(u, v, x),
then we recover the result for IRD(u, v, x) in [24]. Substituting the transfer function (2.6)
into Eqs. (2.18) and (2.19), we get
Tc =
−27
8u3v3x4
[
− 48uvx2(x cosx+ 3 sinx) cos ux√
3
cos
vx√
3
+ 48
√
3x2 cosx
(
v cos
vx√
3
sin
ux√
3
+ u cos
ux√
3
sin
vx√
3
)
+ 8
√
3x sinx
(
[18− x2(u2 + 3− v2)]v cos vx√
3
sin
ux√
3
+ [18− x2(v2 + 3− u2)]u cos ux√
3
sin
vx√
3
)
+ 24x[−6 + x2(3− u2 − v2)] cosx sin ux√
3
sin
vx√
3
+24[−18 + x2(3 + u2 + v2)] sinx sin ux√
3
sin
vx√
3
]
− 27(u
2 + v2 − 3)2
4u3v3
(
Si
[(
1− u− v√
3
)
x
]
+ Si
[(
1 +
u− v√
3
)
x
]
−Si
[(
1− u+ v√
3
)
x
]
− Si
[(
1 +
u+ v√
3
)
x
])
,
(2.21)
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and
Ts =
27
8u3v3x4
[
48uvx2(x sinx− 3 cosx) cos ux√
3
cos
vx√
3
− 48
√
3x2 sinx
(
v cos
vx√
3
sin
ux√
3
+ u cos
ux√
3
sin
vx√
3
)
+ 8
√
3x cosx
(
[18− x2(u2 + 3− v2)]v cos vx√
3
sin
ux√
3
+ [18− x2(v2 + 3− u2)]u cos ux√
3
sin
vx√
3
)
+ 24x[6− x2(3− u2 − v2)] sinx sin ux√
3
sin
vx√
3
+24[−18 + x2(3 + u2 + v2)] cosx sin ux√
3
sin
vx√
3
]
− 27(u
2 + v2 − 3)
u2v2
+
27(u2 + v2 − 3)2
4u3v3
(
Ci
[(
1− u− v√
3
)
x
]
+ Ci
[(
1 +
u− v√
3
)
x
]
−Ci
[∣∣∣∣1− u+ v√3
∣∣∣∣x]− Ci [(1 + u+ v√3
)
x
]
+ ln
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣) .
(2.22)
The sine-integral function Si(x) and cosine-integral function Ci(x) are defined as
Si(x) =
∫ x
0
dy
sin y
y
, Ci(x) = −
∫ ∞
x
dy
cos y
y
(2.23)
At late times, η  ηk and x→∞,
IRD(u, v, x→∞) =− 3pi(u
2 + v2 − 3)2Θ(u+ v −√3)
4u3v3x
cosx
− 1
9x
(
Tc(u, v, 1) cosx+ T˜s(u, v, 1) sinx
)
,
(2.24)
where
T˜s(u, v, 1) = Ts(u, v, 1) +
27(u2 + v2 − 3)
u2v2
− 27(u
2 + v2 − 3)2
4u3v3
ln
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣ . (2.25)
So the time average is
I2RD(u, v, x→∞) =
1
2x2
(3pi(u2 + v2 − 3)2Θ(u+ v −√3)
4u3v3
+
Tc(u, v, 1)
9
)2
+
(
T˜s(u, v, 1)
9
)2 .
(2.26)
Substituting (2.26) into (2.14), we find that Ph(k, η) ∼ 1/η2 for the modes well inside the
horizon in the radiation dominated era. During radiation domination, H = aH ∼ 1/η, so
ΩGW is time independent late in the radiation dominated era as discussed above. Since GWs
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behave like radiation, the current energy densities of GWs are related to their values well
after the horizon reentry in the radiation dominated era
ΩGW (k, η0) = ΩGW(k, η)
Ωr0
Ωr(η)
, (2.27)
where Ωr is the fractional energy density of radiation, η  ηk is chosen to be earlier than the
matter radiation equality and late enough so that ΩGW(k, η) is a constant, and the subscript
0 denotes for quantities evaluated at today.
Once we are given the power spectrum Pζ(k) for the primordial curvature perturbation,
we combine Eqs. (2.10), (2.14) and (2.26) to calculate induced GWs in radiation dominated
era, and obtain ΩGW(k, η0) from Eq. (2.27). In the following, we use several examples to
calculate ΩGW.
2.1 The scale invariant power spectrum
For the scale invariant power spectrum, Pζ(k) = Aζ , the numerical integration gives
Ω(k, η) ≈ 0.7859A2ζ . (2.28)
Comparing with the result Ω(k, η) ≈ 0.8222A2ζ obtained in [24] by assuming that the produc-
tion of induced GWs starts long before the horizon reentry, this value is about 4.6% smaller,
so the contribution by the induced GWs produced before the horizon reentry is small.
2.2 The power law power spectrum
For a power law power spectrum,
Pζ(k) = Aζ
(
k
kp
)ns−1
, (2.29)
we get
ΩGW(k, η) = Q(ns)A
2
ζ
(
k
kp
)2(ns−1)
, (2.30)
where the factor Q(ns) needs to be calculated numerically. We show the numerical results
for Q(ns) in Fig. 1. Again, the results are about 5% smaller than those in [24]. In [7], it was
estimated that Q(ns) ≈ 10, so that estimate is an order of magnitude larger than the more
accurate result Q(ns) ≈ 0.8.
2.3 The monochromatic power spectrum
For the monochromatic power spectrum
Pζ(k) = Aζδ
(
ln
k
kp
)
, (2.31)
we get
ΩGW = A
2
ζ×
k˜2
192
(
4
k˜2
− 1
)2
Θ(2− k˜)
( T˜s(k˜−1, k˜−1, 1)
9
)2
+
(
3k˜6pi
4
(
2
k˜2
− 3
)2
Θ(2−
√
3k˜) +
Tc(k˜
−1, k˜−1, 1)
9
)2 , (2.32)
where k˜ ≡ k/kp.
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Figure 1. The value of Q(ns) as a function of ns.
3 PBH and the constraints
PBHs form in the region with its density contrast at horizon reentry exceeding the
threshold δc. Suppose the density perturbations are Gaussian, the probability distribution
of the smoothed density contrast δ(R) over a sphere with comoving radius R is [54]
P (δ(R)) =
1√
2piσ2(R)
exp
(
− δ
2(R)
2σ2(R)
)
, (3.1)
where the smoothing scale R is the horizon size, R = H−1 and the mass variance σ(R)
associated with the PBH mass MPBH is
σ2(R) =
∫ ∞
0
W 2(kR)
Pδ(k)
k
dk, (3.2)
Pδ is the power spectrum of the matter perturbation and the window function is W (kR) =
exp
(−k2R2/2). During radiation domination, the matter perturbation relates to the pri-
mordial curvature perturbation as
Pδ(k) = 16
81
(
k
aH
)4
Pζ(k). (3.3)
Using Press-Schechter theory [55], we get the fraction of the energy density in the Universe
going to PBHs 1
β(MPBH) = 2
∫ ∞
δc
P (δ)dδ = erfc
(
δc√
2σ
)
, (3.4)
where δc = 0.42 [56]. Combining Eqs. (3.2) and (3.3), we see that the dominant contribution
to the mass variance σ2(R) comes from the scale k = 1/R, so σ2(R) ∝ Pζ(1/R). Following
1There should be a factor γ in (3.4) [14]. However, it has very little effect on the result, so we ignore this
factor here.
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Ref. [41], at each k, we calculate σ2(R) with scale invariant Pζ , so we have
β ≈ erfc
(
9δc
4
√Pζ
)
. (3.5)
Since PBH forms in the radiation dominated era, the mass of PBH is of the order of
the horizon mass MH = 4piρ/(3H
3) = (2GH)−1 [16]
MPBH = γMH = γ Ω
1/2
r0 M0
(
g0∗
gi∗
)1/6(
H0
k
)2∣∣∣∣∣
k=aH
, (3.6)
where the order one ratio γ is chosen as γ = 3−3/2 ≈ 0.2 [3], Ωr0 = 9.17 × 10−5, M0 =
(2GH0)
−1 ≈ 4.63×1022M, H0 = 67.27 km/s/Mpc [57], g0∗ ≈ 3.36 and gi∗ denote the effective
degrees of freedom for energy density at present and at the formation of PBH respectively.
In this paper, we don’t distinguish the difference between the effective degrees of freedom for
the entropy and energy density. For the mass scale of PBHs we are interested in, we take
gi∗ ≈ 10.75. After their formation, PBHs behave like matter, so the energy fraction of PBHs
increases until the matter radiation equality. Ignoring the mass accretion and evaporation,
the energy fraction of PBHs at their formation is
β(MPBH) = 4× 10−9
( γ
0.2
)−1/2( gi∗
10.75
)1/4(
MPBH
M
)1/2
fPBH, (3.7)
where fPBH = ΩPBH/ΩDM is the current energy fraction of PBHs ΩPBH to dark matter ΩDM.
Combining Eqs. (3.5) and (3.7), we can obtain Pζ for a given fPBH and vice versa. This
allows us to use the observational constraints on PBH abundance, namely fPBH, to constrain
the power spectrum for primordial curvature perturbations at small scales. Alternatively,
it allows us to use fPBH to constrain some inflationary models. The current observational
constraints on fPBH and Pζ at small scales were summarized in Ref. [41] and we show them
in Fig. 2.
On observable scales 10−4 Mpc−1 . k . 10−1 Mpc−1, the temperature and polarization
measurements on the cosmic microwave background anisotropy constrain the nearly scale
invariant power spectrum for the primordial curvature perturbation as [58]
Pζ = As
(
k
k∗
)ns−1
, (3.8)
where k∗ = 0.05 Mpc−1, As = 2.1× 10−9 and ns = 0.9649± 0.0044. At small scales, we use
the results in Fig. 2 by assuming a power law power spectrum to obtain the upper limit.
Choosing k1∗ = 104 Mpc−1, for k > k1∗ we get
Pζ ≤ 5.1× 10−2
(
k
k1∗
)0.960−1
. (3.9)
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Finally, we use a power law power spectrum to join the power spectra (3.8) and (3.9) and we
get
Pζ(k) =

2.1× 10−9
(
k
0.05 Mpc−1
)0.9649−1
, k . 1 Mpc−1
1.9× 10−9
(
k
1 Mpc−1
)1.857
, 1 Mpc−1 . k . 104 Mpc−1
5.1× 10−2
(
k
104 Mpc−1
)0.960−1
, k & 104 Mpc−1
(3.10)
We show this piecewise power law parametrization of the power spectrum in Fig. 2 by the
solid black line. Due to the uncertainties in the value of δc and the effect of non spherical
collapse, the upper limit on the power spectrum by the non detection of PBH dark matter
can be much different [41, 59]. However, the method discussed here can be easily applied to
those cases. Using the power spectrum (3.10) and the method of calculating induced GWs
presented in the previous section, we obtain the energy density of secondary GWs and the
result is shown in Fig. 3. In Fig. 3, we also plot the sensitivity curves for the ground based
detector advanced Laser Interferometer Gravitational-Wave Observatory (aLIGO) [60, 61],
future space based GW detectors LISA [42, 43] and TianQin [44], and PTA [46–49] including
the European PTA (EPTA) and SKA [50]. It is obvious that the secondary GWs can be
detected by EPTA, SKA, LISA and TianQin although there is no detection of PBH dark
matter. In other words, the observation of induced GWs puts stronger constraint on the
primordial curvature perturbation at small scales. Since the current PTA observations don’t
find stochastic GWs yet, so the upper limit (3.9) is overestimated. Using the power law
power spectrum (3.10), we calculate the µ distortion [62, 63]
µac ≈
∫ ∞
kmin
dk
k
Pζ(k)Wµ(k), (3.11)
where
Wµ(k) = 2.8A
2
exp(− [kˆ/1360]2
1 + [kˆ/260]0.3 + kˆ/340
)
− exp
−[ kˆ
32
]2 , (3.12)
kmin ≈ 1Mpc−1, A ≈ 0.9 and kˆ = k/[1 Mpc−1], and we get µac = 0.03. Again this result
shows that the upper limit (3.9) is too large.
For the power law power spectrum, if there is no detection of induced GWs by LISA,
then the constraint is
Pζ ≤ 3.9× 10−4
(
k
1.8× 1012 Mpc−1
)0.96−1
. (3.13)
If we choose δc = 0.42, plugging the constraint (3.13) into Eqs. (3.5) and (3.7), we get
fPBH < 10
−400. This means if LISA does not observe induced GWs, then the contribution
from PBHs with the mass around 10−14M to dark matter is negligible. In Fig. 3, we
also show the secondary GWs produced by the monochromatic power spectrum (2.32) with
Aζ = 0.01, kp = 1.93×1012 Mpc−1 and the inflationary model with the polynomial potential
[20]. For convenience, we call the model as D-G model. From Fig. 3, we find that the D-G
model can be tested by SKA, LISA and TianQin in the future.
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Figure 2. The observational constraints on the power spectrum of primordial curvature perturba-
tions. For the details of observational constraints, please refer to [41] and references therein. The
solid black line is the upper limit obtained by the piecewise power law parametrization (3.10).
SKA
EPTA
LISA
TianQin
aLIGO
10-12 10-9 10-6 0.001 1 100010-17
10-14
10-11
10-8
10-5
f/Hz
Ω GW
Figure 3. The secondary GW signal generated by density perturbations that produce PBH dark
matter. The solid black line shows induced GWs from the piecewise parametrization constrained
by PBH dark matter. The solid gray line shows the induced GWs from the monochromatic power
spectrum. We also show induced GWs from a inflationary model [20] by the solid blue line. The
sensitivity curves from different observations are also shown [50, 64, 65]. The pink dashed curve
denotes the EPTA limit, the blue dotted curve denotes the SKA limit, the red dot-dashed curve in
the middle denotes the TianQin limit, the brown dashed curve shows the LISA limit, and the gray
dashed curve denotes the aLIGO limit.
4 Conclusion
In the case that the production of secondary GWs starts long before the horizon reentry,
there was an analytical formula for the time integral of the source IRD(u, v, η). For secondary
GWs produced after the horizon reentry, we derive similar analytical formula for IRD(u, v, η)
by splitting IRD(u, v, η) into the combinations of two oscillations sin(kη) and cos(kη). With
this analytical formula, it is easy to obtain the 1/η2 behavior of the power spectrum of
induced GWs and hence it helps to understand why induced GWs evolve as radiation at
late time. For nearly scale invariant primordial curvature perturbations, we find that the
GWs produced before the horizon reentry contribute about 5% to the total energy density
of induced GWs.
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Using the piecewise power law parametrization for the power spectrum of primordial
curvature perturbations and the observational constraints on PBH dark matter, we find
that at small scales k & 104 Mpc−1, the upper limit on the power spectrum is Pζ . 0.05.
However, this upper limit gives large stochastic GW background which is inconsistent with
the observations of EPTA and the µ distortion caused by this upper limit is also too large. The
inconsistency is caused by the oversimplification of the piecewise power law parametrization.
For example, if the power spectrum peaks at some particular small scales, then it can evade
the constraint by EPTA. On the other hand, the detection of induced GWs in the future
puts more stringent constraint on the power spectrum. The non-detection of induced GWs by
LISA constrains the power spectrum in the LISA band to be Pζ . 4×10−4, so the contribution
from PBHs with the mass around 10−14M to dark matter is negligible if induced GWs are
not observed by LISA in the future.
5 acknowledgments
This research was supported in part by the National Natural Science Foundation of
China under Grant No. 11875136 and the Major Program of the National Natural Science
Foundation of China under Grant No. 11690021.
References
[1] S. Hawking, Gravitationally collapsed objects of very low mass, Mon. Not. Roy. Astron. Soc.
152 (1971) 75.
[2] B. J. Carr and S. W. Hawking, Black holes in the early Universe, Mon. Not. Roy. Astron. Soc.
168 (1974) 399.
[3] B. J. Carr, The Primordial black hole mass spectrum, Astrophys. J. 201 (1975) 1.
[4] S. Matarrese, S. Mollerach and M. Bruni, Second order perturbations of the Einstein-de Sitter
universe, Phys. Rev. D 58 (1998) 043504 [astro-ph/9707278].
[5] S. Mollerach, D. Harari and S. Matarrese, CMB polarization from secondary vector and tensor
modes, Phys. Rev. D 69 (2004) 063002 [astro-ph/0310711].
[6] K. N. Ananda, C. Clarkson and D. Wands, The Cosmological gravitational wave background
from primordial density perturbations, Phys. Rev. D 75 (2007) 123518 [gr-qc/0612013].
[7] D. Baumann, P. J. Steinhardt, K. Takahashi and K. Ichiki, Gravitational Wave Spectrum
Induced by Primordial Scalar Perturbations, Phys. Rev. D 76 (2007) 084019 [hep-th/0703290].
[8] R. Saito and J. Yokoyama, Gravitational wave background as a probe of the primordial black
hole abundance, Phys. Rev. Lett. 102 (2009) 161101 [0812.4339].
[9] R. Saito and J. Yokoyama, Gravitational-Wave Constraints on the Abundance of Primordial
Black Holes, Prog. Theor. Phys. 123 (2010) 867 [0912.5317].
[10] E. Bugaev and P. Klimai, Induced gravitational wave background and primordial black holes,
Phys. Rev. D 81 (2010) 023517 [0908.0664].
[11] E. Bugaev and P. Klimai, Constraints on the induced gravitational wave background from
primordial black holes, Phys. Rev. D 83 (2011) 083521 [1012.4697].
[12] M. Drees and E. Erfani, Running-Mass Inflation Model and Primordial Black Holes, JCAP
1104 (2011) 005 [1102.2340].
[13] M. Drees and E. Erfani, Running Spectral Index and Formation of Primordial Black Hole in
Single Field Inflation Models, JCAP 1201 (2012) 035 [1110.6052].
– 11 –
[14] L. Alabidi, K. Kohri, M. Sasaki and Y. Sendouda, Observable Spectra of Induced Gravitational
Waves from Inflation, JCAP 1209 (2012) 017 [1203.4663].
[15] N. Orlofsky, A. Pierce and J. D. Wells, Inflationary theory and pulsar timing investigations of
primordial black holes and gravitational waves, Phys. Rev. D 95 (2017) 063518 [1612.05279].
[16] T. Nakama, J. Silk and M. Kamionkowski, Stochastic gravitational waves associated with the
formation of primordial black holes, Phys. Rev. D 95 (2017) 043511 [1612.06264].
[17] K. Inomata, M. Kawasaki, K. Mukaida, Y. Tada and T. T. Yanagida, Inflationary primordial
black holes for the LIGO gravitational wave events and pulsar timing array experiments, Phys.
Rev. D 95 (2017) 123510 [1611.06130].
[18] J. Garcia-Bellido, M. Peloso and C. Unal, Gravitational Wave signatures of inflationary models
from Primordial Black Hole Dark Matter, JCAP 1709 (2017) 013 [1707.02441].
[19] J. Garcia-Bellido and E. Ruiz Morales, Primordial black holes from single field models of
inflation, Phys. Dark Univ. 18 (2017) 47 [1702.03901].
[20] H. Di and Y. Gong, Primordial black holes and second order gravitational waves from
ultra-slow-roll inflation, JCAP 1807 (2018) 007 [1707.09578].
[21] S.-L. Cheng, W. Lee and K.-W. Ng, “Superhorizon curvature perturbation in ultra-slow-roll
inflation.” 2018.
[22] S.-L. Cheng, W. Lee and K.-W. Ng, “Primordial black holes and associated gravitational waves
in axion monodromy inflation.” 2018.
[23] R.-g. Cai, S. Pi and M. Sasaki, Gravitational Waves Induced by non-Gaussian Scalar
Perturbations, Phys. Rev. Lett. 122 (2019) 201101 [1810.11000].
[24] K. Kohri and T. Terada, Semianalytic calculation of gravitational wave spectrum nonlinearly
induced from primordial curvature perturbations, Phys. Rev. D 97 (2018) 123532 [1804.08577].
[25] M. Drees and Y. Xu, “Critical Higgs Inflation and Second Order Gravitational Wave
Signatures.” 2019.
[26] Y.-F. Cai, C. Chen, X. Tong, D.-G. Wang and S.-F. Yan, “When Primordial Black Holes from
Sound Speed Resonance Meet a Stochastic Background of Gravitational Waves.” 2019.
[27] K. Inomata, K. Kohri, T. Nakama and T. Terada, “Enhancement of Gravitational Waves
Induced by Scalar Perturbations due to a Sudden Transition from an Early Matter Era to the
Radiation Era.” 2019.
[28] K. Inomata and T. Nakama, Gravitational waves induced by scalar perturbations as probes of
the small-scale primordial spectrum, Phys. Rev. D 99 (2019) 043511 [1812.00674].
[29] S. Kuroyanagi, T. Chiba and T. Takahashi, Probing the Universe through the Stochastic
Gravitational Wave Background, JCAP 1811 (2018) 038 [1807.00786].
[30] K. Inomata, K. Kohri, T. Nakama and T. Terada, “Gravitational Waves Induced by Scalar
Perturbations during a Gradual Transition from an Early Matter Era to the Radiation Era.”
2019.
[31] S. Clesse, J. Garc´ıa-Bellido and S. Orani, “Detecting the Stochastic Gravitational Wave
Background from Primordial Black Hole Formation.” 2018.
[32] B. J. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, New cosmological constraints on
primordial black holes, Phys. Rev. D 81 (2010) 104019 [0912.5297].
[33] A. Gould, Femtolensing of gamma-ray bursters, Astrophys. J. Lett. 386 (1992) L5.
[34] R. J. Nemiroff, G. F. Marani, J. P. Norris and J. T. Bonnell, Limits on the cosmological
abundance of supermassive compact objects from a millilensing search in gamma-ray burst data,
Phys. Rev. Lett. 86 (2001) 580 [astro-ph/0101488].
– 12 –
[35] P. N. Wilkinson, D. R. Henstock, I. W. A. Browne, A. G. Polatidis, P. Augusto, A. C. S.
Readhead et al., Limits on the cosmological abundance of supermassive compact objects from a
search for multiple imaging in compact radio sources, Phys. Rev. Lett. 86 (2001) 584
[astro-ph/0101328].
[36] J. J. Dalcanton, C. R. Canizares, A. Granados, C. C. Steidel and J. T. Stocke, Observational
limits on Omega in stars, brown dwarfs, and stellar remnants from gravitational microlensing,
Astrophys. J. 424 (1994) 550.
[37] Macho collaboration, MACHO project limits on black hole dark matter in the 1-30 solar mass
range, Astrophys. J. Lett. 550 (2001) L169 [astro-ph/0011506].
[38] EROS-2 collaboration, Limits on the Macho Content of the Galactic Halo from the EROS-2
Survey of the Magellanic Clouds, Astron. Astrophys. 469 (2007) 387 [astro-ph/0607207].
[39] K. Griest, A. M. Cieplak and M. J. Lehner, New Limits on Primordial Black Hole Dark Matter
from an Analysis of Kepler Source Microlensing Data, Phys. Rev. Lett. 111 (2013) 181302.
[40] D. M. Jacobs, G. D. Starkman and B. W. Lynn, Macro Dark Matter, Mon. Not. Roy. Astron.
Soc. 450 (2015) 3418 [1410.2236].
[41] G. Sato-Polito, E. D. Kovetz and M. Kamionkowski, “Constraints on the primordial curvature
power spectrum from primordial black holes.” 2019.
[42] K. Danzmann, LISA: An ESA cornerstone mission for a gravitational wave observatory, Class.
Quant. Grav. 14 (1997) 1399.
[43] H. Audley et al., “Laser Interferometer Space Antenna.” 2017.
[44] TianQin collaboration, TianQin: a space-borne gravitational wave detector, Class. Quant.
Grav. 33 (2016) 035010 [1512.02076].
[45] W.-R. Hu and Y.-L. Wu, The Taiji Program in Space for gravitational wave physics and the
nature of gravity, Natl. Sci. Rev. 4 (2017) 685.
[46] M. Kramer and D. J. Champion, The European Pulsar Timing Array and the Large European
Array for Pulsars, Class. Quant. Grav. 30 (2013) 224009.
[47] G. Hobbs et al., The international pulsar timing array project: using pulsars as a gravitational
wave detector, Class. Quant. Grav. 27 (2010) 084013 [0911.5206].
[48] M. A. McLaughlin, The North American Nanohertz Observatory for Gravitational Waves,
Class. Quant. Grav. 30 (2013) 224008 [1310.0758].
[49] G. Hobbs, The Parkes Pulsar Timing Array, Class. Quant. Grav. 30 (2013) 224007
[1307.2629].
[50] C. J. Moore, R. H. Cole and C. P. L. Berry, Gravitational-wave sensitivity curves, Class.
Quant. Grav. 32 (2015) 015014 [1408.0740].
[51] T. Robson, N. J. Cornish and C. Liug, The construction and use of LISA sensitivity curves,
Class. Quant. Grav. 36 (2019) 105011 [1803.01944].
[52] D. Liang, Y. Gong, A. J. Weinstein, C. Zhang and C. Zhang, Frequency response of space-based
interferometric gravitational-wave detectors, Phys. Rev. D 99 (2019) 104027 [1901.09624].
[53] C. Zhang, Q. Gao, Y. Gong, D. Liang, A. J. Weinstein and C. Zhang, “Frequency response of
time-delay interferometry for space-based gravitational wave antennas.” 2019.
[54] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure. Cambridge
University Press, Cambridge, Apr., 2000.
[55] W. H. Press and P. Schechter, Formation of galaxies and clusters of galaxies by selfsimilar
gravitational condensation, Astrophys. J. 187 (1974) 425.
– 13 –
[56] T. Harada, C.-M. Yoo and K. Kohri, Threshold of primordial black hole formation, Phys. Rev.
D 88 (2013) 084051 [1309.4201].
[57] Planck collaboration, “Planck 2018 results. VI. Cosmological parameters.” 2018.
[58] Planck collaboration, “Planck 2018 results. X. Constraints on inflation.” 2018.
[59] Y. Akrami, F. Kuhnel and M. Sandstad, Uncertainties in primordial black-hole constraints on
the primordial power spectrum, Phys. Dark Univ. 19 (2018) 124 [1611.10069].
[60] LIGO Scientific collaboration, Advanced LIGO: The next generation of gravitational wave
detectors, Class. Quant. Grav. 27 (2010) 084006.
[61] LIGO Scientific collaboration, Advanced LIGO, Class. Quant. Grav. 32 (2015) 074001
[1411.4547].
[62] J. Chluba, J. Hamann and S. P. Patil, Features and New Physical Scales in Primordial
Observables: Theory and Observation, Int. J. Mod. Phys. D 24 (2015) 1530023 [1505.01834].
[63] T. Nakama, J. Chluba and M. Kamionkowski, Shedding light on the small-scale crisis with
CMB spectral distortions, Phys. Rev. D 95 (2017) 121302 [1703.10559].
[64] B. S. Sathyaprakash and B. F. Schutz, Physics, Astrophysics and Cosmology with Gravitational
Waves, Living Rev. Rel. 12 (2009) 2 [0903.0338].
[65] K. Kuroda, W.-T. Ni and W.-P. Pan, Gravitational waves: Classification, Methods of detection,
Sensitivities, and Sources, Int. J. Mod. Phys. D 24 (2015) 1530031 [1511.00231].
– 14 –
